In this article, we give a sufficient condition for the c-nilpotent multiplier of a Lie algebra to be finite dimensional. Also, we show that the c-nilpotent multipliers of perfect Lie algebras are isomorphic.
Introduction and preliminary
Throughout this article, all Lie algebras are considered over some fixed field Λ and [ , ] denotes the Lie bracket. Let L be a Lie algebra presented as the quotient of a free Lie algebra F by an ideal R. [7] ). The Lie algebra M (1) 
Then the c-nilpotent multiplier of L, c 1, is defined to be the abelian Lie algebra M (c) (L) = (R ∩
γ
(L) = M(L) is more known
as the Schur multiplier of L (see [2, 3, 6] or [8] for more information on the Schur multiplier of Lie algebras). One may check that M (c) (L) is independent of the choice of the free presentation of L.
Furthermore, if we set γ * c+1 (L) = γ c+1 (F )/γ c+1 (R, F ), then it is readily deduced from the short exact 
It has been shown in [7] that the dimension of c-nilpotent multiplier of a finite dimensional Lie algebra is finite. In this article, we extend this result by proving the following Theorem A. Let L be a Lie algebra.
In general, the c-nilpotent multipliers of an arbitrary Lie algebra are not necessary isomorphic. For example, if L is a finite dimensional abelian Lie algebra then [7, Proposition 1.2] shows that
In the next result, we prove that c-nilpotent multipliers of perfect Lie algebras are indeed isomorphic to the Schur multipliers.
Theorem B. Let L be a prefect Lie algebra. Then the canonical homomorphisms
are isomorphisms for c 1.
To prove the above results we need to recall and develop some details on crossed modules and exterior products. A crossed module is a homomorphism of Lie algebras λ : M −→ L with a Lie algebra
We take M (and L) to act on itself by Lie multiplication. The non-abelian exterior product M ∧ L is defined in [4] as the Lie algebra generated by the symbols
Any Lie algebra L acts on itself by Lie multiplication and so we can always form the exterior
, is a crossed module. One thus gets the triple exterior product (L ∧ L) ∧ L, and applying this process
The following results are useful in our investigation. Lemma 1.2. Let L be a Lie algebra and c 1. Then:
where x and y are lifts in
Proof. The part (i) is clear and the part (ii) is a straightforward consequence of [7, 
Proof of theorems
To prove Theorem A, we first present some different forms for the ideal Z * c (L) of a Lie algebra L. 
Proposition 2.1. The ideal Z * c (L) of a Lie algebra L is the intersection of all subalgebras of the form
where i∈I K i denotes the Cartesian product of the Lie algebras K i . One may see that Using the above proposition, we obtain another representation of Z * c (L) by free presentations as follows: 
? ?
where β 1 is the restriction of β to R/γ c+1 (R, F ). Obviously, K = ker θ + Im β and hence 
Let N be an ideal of a finite dimensional Lie algebra L which lies in Z c (L).
Now, we are ready to prove Theorem A.
Proof of Theorem A. (i) By Lemma 1.2(ii) and Proposition 2.3, we obtain an epimorphism
It is shown in [5] that the exterior product M ∧ N of two crossed modules is finite dimensional if both M and N are finite dimensional. Consequently, if
The result follows.
(ii) It follows from [9, Theorem 2.2] and an argument similar to that used in the proof of part (i). 2
In readiness for the proof of Theorem B, we recall from [8] the concept of the universal central extension of a Lie algebra. 
From the above conclusions and Proposition 1.3, we deduce that
Now we are able to prove Theorem B.
Proof of Theorem B. By virtue of Lemma 2.5(i), it is enough to show that the exact sequence 
central, whence the map is a homomorphism. As the central extension e is universal, Lemma 2.5(ii) In [1] , it is proved that the multiplier of a cover of a finite dimensional perfect Lie algebra is zero (also see [8] ). Now, Theorem B shows this result for c-nilpotent multipliers of covers of finite dimensional perfect Lie algebras.
